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Exam I, MTH 213 Discrete Math., Summer 2018
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«/’ / C‘QUESTION 1. (a)( 5 points) Use the 4-method to convince me that v/46 is irrational

Oecume 66 % rabeoral ﬁéz% Py come @, E 2, BF0 3@!&3);)3//
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(b)( 5 points) Convince me that v/65 is irrational Lgﬂb{"po(, c(,,b/, F)SSUWT) 5en mveliol | ‘1—6 r

Tesome E5 3 rabtoral; 175 - & arsave 4,bé%b#<3m
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‘SPXf{% R q Faches o(zboﬁ aano(f: bo 3<J(Q, Jet 3 [aoéraa(ramem)

Jrﬁ)és‘t/rrg)frﬂm Ve liel ao—f\ 573 f’(‘/} e/ y/4 %

( 5 points) Let 1n be an odd number Prove that ;n = 2k — [ for some integer k € Z, B

M 7 Ok "‘_J, "oz 3{/-{',!;){’:" Lek ’0" --I/ kC?, Mz Q(t-—'> 4-‘/;’
e -5+ Qe 2

QUESTION 2. (a) (5 points) If possible find all solutions of 8z = 12 over planet Zy

3@/!(2,20)254/ 4
Uz 4] 2e~34,914 19
$4,914 %,

) - NiN : .
27 A dgbmeb s slebimas - 9ol S;

{3 pomts)ln view of (a), find all integers, say x, in Planet Z that satisfy 8z (mod 20) =12

mace i (‘1?’ Heg 2"

% §Q+Sk/kcz§//’ Y

(c)( 5 points) Find all integers, say x, in Planet Z that satisfy 3z (mad 11)=10

24, %QCle 3@(% 172) Ilo/ A 26 b sl bon -
7 T2, oL 5241 k[]c(i,z}/
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(d)( 7 points) The temperature of a city in Canada is = Celsius, where —180 < = < 0 (i.e., X is negative). Given

x {mod 9) 4, (mod 4) =1, and r (mod 5) = 2. Find the value of z.
f i ') ‘3 ‘P
ﬁl ”,

gcol (9, 4) =1 t//acd(q 6)2?1/3@((4 el
N 2 80/ ﬂ'\, 2—«0) Im’zq' Q.O’}C‘z, QQC‘—?_
Mo = L‘S;__B'Zq (167(2._’ 7,(2__7_? ’26—,,2% 2

M3z 36+ Th2s, 2%z | ; Wyol » oael) 3
e (A2, 400 0 7, 400 7 sl { Zpai. c,ﬂc;zz)m,{;goz
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» /ZC; = % B g/“

Bl F et 60= |15

_30< o, W= Ib7-180x —"Z’S//

(e)( 5 points) Let 2 be number of females in MTH 111. Given = (mod 7) = 6, 2r (mod 10) = 4. Find all possible
|
 CRT } D e

values of z, where 0 < o < 70.(Hint: THINK!, it is not difficult)

K (ongdl 3= 6 nas) 5= ?C"'@O aaol s |

=7
N Y ')§ . D’W,E' 5- J‘ V.] Z:)/ 6/2(. 2_,] ? '7f.2<zj J
Me= ] T 0De Twazl? Uy = é?"

(% LA47)moe 35+ (B3Amoed 352 V7
/7/ AT R éf?_ He gave Diff Method which is

NS e correct. However, All of you
’ % E / 5 ", } should know the METHOD |
- EXPLAINED in Class
lr

(f) ( 4 points) Find ged(112, 175)
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(g) ( 4 points) Find (146)g x (54)g C LI 6 )&
X5 4Dz M
‘(6309 K
T (F76 O)s -
(i} ( 4 points)Convert 317 to base IGU & é’ \ D)B//
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QUESTION 3. (a)( 4 points) Let x, 3, » be strings of binary codes, x = 11011, y = 10110, and z = 01110. Find

(z@z)vy
=10l .
Z=0L1 10 k/
tj =1 0WO ‘b( L
coxiyz 1 V)1 7 vl
(b} ( 6 points) Let 5. 82, 93 be some statements. Use truth table and convince me that (C et ‘3;.; *5:’ Sz

(S| A S;:_) =25 =(5= S_g) \' (Sz = 53) é ,AQJ’\ H&\, 1‘- (Ci-;'}gt))\fgz =)

g} igz rSB 1@(/\§1 ‘gfzj'gg S?:>€3K€'ASQ>E>EE;;‘3§V (;ZL?S_%’,
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(c) (5 points) Let 51, 5; be some statements. Is the expression [(S1 = S»)

using truth-table. ‘ nNe 9 €0 by
g\ g?_ g\;‘:) S? i"“"{ g?h ‘ (§!";7§2>/\
| ] L lBef D
| O o | | e
QO || O _\ B
O\ | 1 |
d) Write down T or F ( 9 points)

FreN“suchthat Yy e Q wehave oy — 2y =0 T

z

%

True

(i) Vee @, ye N* suchthat yz -5z =0 F{ [—-‘;: 2w 2 \J LJVLQ_/)(J re (s‘)gé {_ﬂa"p;‘?/{/@_
’ v

(iii) Yy € R*,3' x € R* suchthat yz — 3> =0 ’
P \:‘fé’f‘“’“‘q'l— 2 FO (= tge
(iv) If3' ¢ EILN/‘:‘such that w2 — 4z = 0, then 4z =18 F

Tl n 22 =N b
(v) If 3z € Zsuchthat =* =4, then 23 = § F-_, W\(UZ'/? W = -—2/ QC_%} = %f f')Dé_ ‘2,
- it D (,J -~
Nz ¢ uT & 1 o = 1) ="
(vi) If 3'z'e N*and 3! y'e N such that z? + 37 = Litheny—2z=z—y F_ wzl, M= b L{f w1
L4

- =
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QUESTION 4. (6 points)
Use math induction to convince me that 12 | (5% 1) ,ms4.

[Q Prove v for mi=\ -
e T

Ayman Badaw|

| @) Prove w foc (n+)) :
T A s N

J
inh W=\ 0 q.(l'\*“—_ -
‘:L)"" G [_iz We rMust drow Thot ‘1‘5 ‘]
A el 1= B i) q,(nﬂ) yn+\ ‘
= 1Y% - S‘H\ 5
L T . gz 5+S—l
Lo | g5 + 51
“a)st-t. . -
Lad €0 puisvole by 1, m‘m-“ ‘_':‘tl
Gl Asume daww e xabd 82 ain :
m v li‘ 56" L 1)+ 51,
=>@i2|5"" | '1, £[215w1n+2 Hence 2[5 Qeo.
QUESTION 5

5.(5 points) Let A = {{3}.3.5.5,{(3,5},{¢}.{6}.{6.4}.2.7} and B = (3. (3.5}, {7} {3}}. Then
Write Tor F

() 3feanp — T../

()7eA-B —> T. /

(i) (9} ea-B —> T. \/

(iv) {o}ca-B.—> F,/ ‘Lfid'ﬁ C A=B would be e ]

W Bélca — F / dZa

v) {3,5}edA —s T. (/

i) 35jcd —s 1. L

(vili) B—-A=¢ — F'L/ g_pi,f{ﬂ}
(ix) |[AXB|= 13 —> F. v
@ (OBhajcd —sT. U

fm@ (Axg| = (Al x|8] = AX5=145
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QUESTION 6. (8 points) Let 4 = {0,1.2,3.4.5.6.7.8.9. [0 fine o= . .
(o + (12 =b) (mod 12) € {0,4,8) CASAABRER L Dhe ron d, dbaileie Ko mn i

AU kL IVILEL 210, DPONE LU1E

(i) Convince me that = is an equivalence relation on A.

Since 12 (mod 12) = 0, obseve tht (a + 12-b) (mod 12) = (a-b)(mod 12). Let B ={0, 4, 8}

Remark: (1) note that (c + d) (mod 12) is in B for every c, d in B.

(2) note that in general If L (mod n)=kand knot=0, then -L(modn)= n-k

(A-A): Let ainA.Then (a-a)(mod 12)=0 in B.Thus a=a foreveryain A

(A-B): Assume that a = b for some a, b in A. We show b =a. We may assume that a, b are different
elements in A. Since a=band b is notequaltoa, (a-b)(mod 12)=4 or 8.If (a-b)(mod 12) = 4, then (b
-a)(mod 12) =12-4=8in B (see 2 above). Thus b=a. If (a-b) (mod 12) = 8, then (b- a) (mod 12) =12 -
8 =4 in B. Hence, again, b = a.

(A-B-C): Assume that a=band b=c forsome a,b,andc inA. Hence (a-b)(mod 12)isin B and (b - c)

(mod 12)isinB. Let n=(a-b) (mod 12) and m = (b - ¢c) mod (12). Note that n, m are in B. Then (a - ¢)
(mod12)=[(a-b)+(b-c))](mod 12)=(n+m) (mod 12) isinBby (1). Thusa=c¢

CBE+FTZI=B FBFI= o™ 5

(141 -5+5+2-9)(mea 1) = It

(it) Find all equivalence classes of (A;=). ’

[@] = {_O,Q‘JS} \/ 5 e
Etd = {lfan?s. L/ (lw-tb)('::d e

(cX .-
2] :f_l,t.,lo},\./ T oefou8l. so=¢

/ nA 2 \olds
(3] ={3,3, 0, 4./ -

2'=" s an @uwalen
relanhon .

|

(1i1) view = as a subset of A x A. How many elements does = have? Do not write down all elements of =

=" = Col ) (s0IxD1) + (@1 x[21 )+ (TaTx[2)) .
= 3% 4 3%, 3% 32
= 30
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QUESTION 1. (i) (5 points) Prove that v/35 is irrational. (Hint: You must use this technique: Deny. Then v33 = a/b
for some positive ODD integers a, b s.t. ged{a, b) = 1, now start cooking as explained in the class)

Deny; soy J55 s rahonal.
(S5 = _c_;_, abe2, b¥0, ged(ab) =I

o ond b are odd integers, kel a= 2ml b=2ntl. , mn€z

/55 = Z2mrl
2nt|

55 =z 4m? 4 bna i O g
Un2 ¢ 4 4 / /ﬁ
SS(UP? 1 Yn 1) = Lm? t 4 +]

55(Un® +4n)+ 54 = Hm?® thm

_ —_ 2
55n? + 551 + 354 = u Conmtrachction,

— Integqer
¢z '

(ii) (3 points) Prove that +/5 + /11 is irrational (Hint: You may use the result from (i)}
M"‘f' Sa-, J5 + M a Fotional .

S+ Jn = 22 aké€Z, hio, ged (aaba) =}

-]

(V5 +4m)> - (2™ /7?/%

lence JBs & irrohonal .

2
5+ 265 411 = G«
B
-5 . f ' M '
Jos = a«; —J16 . LHS is irrahonal os showa (n (), RHS s rational .
2b; 2 Contradichon. Heuce, 15+ JTT is irrahonal.

QUESTION 2. (i) (6 points)For every n 2 1, use math induction to prove that 18 | (5% — 1).
1] Prove for n=|
é i
B~ = 1562y JSI!SG?_L, i st
(Z) Assume - IS" 587} for some N3 | (_,’//
L?I Prove for n 41 :

.'
SGn C__'

.f

= 5. 56 1(/
= 58756 - g¢ 56 ‘Q)

= S‘(S""-l) + Gl

g
chiviside by divisible by L
/ 1€, as shown fIS,as Shhgwan
Ilnz-) lﬂm

Hewe 18| 5S(stn) + SE-1 = 18)5é_

L,/
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(i) (3 points) Use direct proof to show that 18 | (56" — 1), forevery n > 1.

13 = 2x3% ¢(18) = Ix223 = ¢, de(S,IS') =} i (/
E’Y Euter Fermal rasult, 5‘ = | (rmed I8 {L//’
Mulh'p|73n9 5S¢ N tmes . (56)'1 =" (mool ig) L/
567 = | (mmed 18)

-1,

gt

QUESTION 3. (i) (5 points} Use math induction to prove that 37
il Prove for n=|.
i

Hewce I‘B‘ Sén _

i=0 TS = Ty forevery n > |
n4i
=4 4L '

_ 2
2 — check ‘G20 T o0 T ‘l"_ I/
: e 30 l?_1 n :‘L- L‘ 2 -
= Teayio, 20 VT . Vren, »
: | = i) v SomE nzj e/
(2] Assume : ._2 (m Ynizo L/ 37@‘* {\ 2
for S —— \b&'b"L Wt ._.:;:;
B] Prove n+fp, 1 e O o N~
(Z1 Prove _ 3 L B e A i%—gﬁw
— : +3 n : =
Z (uq')(wS) iz (iradties) c=?
= o+ + !
4ni20 (n15Y(n 6D
= Nt + i
(7/, L (n+5) (n+S)(n+6)
i? = (Nn+r))(nig) + 4 nZ+7n 40 _ &t&(mtp(h/g) _ n+ 2" ..
: T BT Dot ol e
H(n+s) (mig) LineS)n+t) Y (n+ I e 6) 4n+ 24
Rt
Z__'____ = (n+N+1 hewn ce ;.._ [ = n+l Vn>l
S iy T e z A , > |
= L4(n+14 20 iz (i+QGS)  dnt20
(i1) (3 points)Use direct proof to show that Z‘ nm T +1u (Hint: First note that m 3 {'", - % For
e?1ch0 <i<nlety, = .-+-| .+s Now caleulate g + a; + - -+ + a,, and stare, you should obscrve something.!}
e o = ! - S a,.49 + s where o, = _| - !
I+ s s 6 ra——— : o L} ¥ ]
A el y) (if-S‘)—] (It ) (i+ )
! S I By S I $! B B L
. . - +5
izo (iI+u)(i+s) 1 S Y 3 UMOFLB n+y  0tq N
Note all terms exeept frrst oued last cancel aubk -
= ! P R . htSe-y _ N+ &
=0 (ivy)irs) Y

- 7/
(nes) H{n+s) Hn+20, //-Z"

QUESTIONQGI (33pomls) Find (265}; x (56);

¢ 5 cd ) (v 7)
X 5¢ o

Ans: (2322—?—7; @/
L0 5 4 &
(232 22)
17 07
QUESTION 5.
(3 peints) Find (1055)5 — (338)

6.1 414
t0F5
—_33¢8
S 4

(mede 9) v 9)

Ang : (élG)q

g
V ¢
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QUESTION 6. (4 points) JUST WRITE T OR F !
(i) 3z € ZsuchthatVy e R, e +y =y T [/ g
(it) ¥z € Z5, 3y € Z; such that ry = 1 over planet Zg (note Z; = {1,2,3,4,5}) F %&
{iii) Yx € Zg, 3y € Z5 such that zyy = 1 over planet Zg (note Z; = {1,2,3,4.5h F L./
(iv) Az e Q suchthat 222+ 3z + 1 =0 = nok unique L/

QUESTION 7. (8 points) Let 4 = ged(98, 119). Find d over PLANET N. Then find two integers in PLANET Z, say
m, n, such that d = 98n + 119m.(Show the work)

gchQSJIQJ 9.
4 )
l a2 Iy
Qs fris— 2 a8 T S I
2 14
3cd(q8,uq)=3? e N C,/
4= 21 —iy4

= 21— (98 - 21(4))

T2 - 98+ 2u(4)
= 5(21) — q¢

= 5(n9-qg) -~ q¢
= 5(19) - g(9g)- 9%
7 = 5(ug)—6(as)

(]_:-—é m:s ,n,méz.[/

A
%
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QUESTION 9. (i) (3 points) Solve 6x = 3 over planet Zs.
bx = 2ia Zq gecl (6,9) = 3 2 3|s.
03 gl
X2, X=T5_ x =¢

g

(i) (3 points) Solve over planet Z, 6z = 3 (mod 9)

X = 2+9k, » x=251+9g,

k, Ky k3 EZ2 .

, X = 8+°7|-;3

L

QUESTION 10. (8 points) Let X be the number of females in some sport-activity at the AUS. Given

X =5 (med9),and X = 10(mod 11). If 0 < X < 396, then find X. (Show the work)
X =

X =2{mod 4),
2 (mod 4) x=z 5 (med 9) X= 10 (mod (1)
™ L] L% M2 LE} Mg

(mlmgjﬁ' maod my (n’]|M9')—' mgd I'Y!Z (I'Y',M-L)-‘ MOd M3

AQUx = in Zy Hx =) (mod9) 36x=2) (mod 1)

3x 21 in 2, 8x =1 (modq) 3xz) (mod 1)
[x=3=d | LX=8=d. | :’Yst”"’-‘}
X =

= A9(3)(2) t y(g)s) F 36(4)(10)
= 3994 med 39¢
230

'f/
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